Page1 CS248 Lecture 11Copyright � Pat HanrahanTransformationsWhat?P� = T(P)Why?ModelingnCreate objects in natural/convenient coordinatesn

n Kinematics of linkages/skeletons - robotic anim

Viewing n Virtual camera: parallel and perspective projections n Windows and device independence

gltranslate(2,2,2) ; glrotate(45.,�z�);

square();

CS248 Lecture 11Copyright �

Continuous (preserves neighborhoods)One to one, invertibleClassify by invariants or symmetriesnIsometry (distance preserved)Reflections (interchanges left-handed and right-handed)

Rigid body motion: Rotations + Translations n Similarity (preserves angles)

Uniform scale n Affine (preserves parallel lines)

Non-uniform scales, shears or skews n n Non-linear (lines become curves)

Twists, bends, warps, morphs, ...

Page2 CS248 Lecture 11Copyright � Pat HanrahanLinear Transformations = Matrices

T(t^1P^1 +t^2P^2) = t^1T(P^1)+t^2T(P^2) ′x′y′z′w = txx txy txz txw tyx tyy tyz tyw tzx tzy tzz tzw twx twy twz tww xyzw

CS248 Lecture 11Copyright � Pat HanrahanTranslations

′x = x+tx ′y = y+ty ′z = z+tz x+tx y+ty z+tz1 = 1 0 0 tx 0 1 0 ty

0 0 1 tz

0 0 0 1 xyz1 T(tx,ty,tz) = 1 0 0 tx 0 1 0 ty

0 0 1 tz

0 0 0 1

Note: translations can be represented as matrices because of w!What happens if w != 1?What happens if w == 0?

Page 3

CS248 Lecture 11Copyright � Pat HanrahanProperties of Translations

T(0,0,0) = I

T− 1(tx,ty,tz) = T(− tx,− ty,− tz) Ts s s Tt t t Ts t s t s t

x y z x y z x x y y z z

(,,)(,,) ( , , )

= + + +

Ts s s Tt t t Tt t t Ts s s

x y z x y z x y z x y z

(,,)(,,) (,,)(,,) =

CS248 Lecture 11Copyright � Pat HanrahanRotations

x = r cosϕ y = rsinϕ

′x = r cos(ϕ +θ) ′y = rsin(ϕ +θ) cos(ϕ +θ) = cosϕ cosθ − sinϕ sinθ sin(ϕ +θ) = cosϕ sinθ +sinϕ cosθ

′x = (r cosϕ )cosθ − (rsinϕ )sinθ

′y = (r cosϕ )sinθ +(rsinϕ )cosθ

′x = xcosθ − ysinθ

′y = xsinθ + ycosθ

x y ϕ θ Page 4

CS248 Lecture 11Copyright � Pat HanrahanRotation Matrices

Rx(θ) = 1 0 0

0 cosθ − sinθ

0 sinθ cosθ

Ry(θ) = cosθ 0 sinθ

0 1 0

− sinθ 0 cosθ

Rz(θ) = cosθ − sinθ 0 sinθ cosθ 0

0 0 1

CS248 Lecture 11Copyright � Pat HanrahanRight-Handed Rulex y z Right-handed in a right-handed coordinate systemLeft-handed in a left-handed coordinate system!

Page 5

CS248 Lecture 11Copyright � Pat HanrahanProperties of Rotations

Ra(0) = I

Ra(θ)Ra(ϕ ) = Ra(θ +ϕ )

Ra(θ)Ra(ϕ ) = Ra(ϕ )Ra(θ)

Ra− 1(θ) = Ra(− θ) = RaT(θ)

But,Ra(θ)Rb(ϕ ) ≠ Rb(ϕ )Ra(θ)

CS248 Lecture 11Copyright � Pat HanrahanScale

′x = ax

′y = by

′z = cz

S(a,b,c) = a 0 0 0 0 b 0 0

0 0 c 0

0 0 0 1

Page 6

CS248 Lecture 11Copyright � Pat HanrahanOther Types of Transformations1. Rotations about an arbitrary axis2. Reflections about an arbitrary plane3. Shear along a plane

4. Perspective and orthographic projections

CS248 Lecture 11Copyright � Pat Hanrahan Combining a Translation and Rotation

T(1,1)R(45) T(1,1)R(45)T(1,1) R(45)ORDER MATTERS!

Page 7

CS248 Lecture 11Copyright � Pat HanrahanTransformations as Coordinate Systems

T(1,1)R(45) T(1,1)

R(45)

R(45) T(1,1)

Applied to an ObjectApplied to a Coordinate System

CS248 Lecture 11Copyright � Pat Hanrahan

Transformations as Coordinate Systems

Applied to an ObjectApplied to a Coordinate System

R(45)T(1,1) R(45)

T(1,1)

T(1,1) R(45)

Page 8

CS248 Lecture 11Copyright � Pat HanrahanTransformations as Coordinate Systems1.Applying a transformation is equivalent to converting points from one coordinate system to another

coordinate system. 2. The transformation in the other direction is the inverse 3. The columns of a transformation matrix may be interpreted as the x, y, z, and origin

of the axes defining a coordinate system

BTAATB=BTA− 1

CS248 Lecture 11Copyright � Pat HanrahanTransformation Matrices = Axes x y z x yz

(-1,-1,-1) (1,1,1)

A B

CTA = 1 0 0 − 1

0 1 0 − 1 0 0 1 − 1 0 0 0 1

ATB = − 1 0 0 2

0 − 1 0 2 0 0 − 1 2 0 0 0 1