Page1 CS248 Lecture 15Copyright � Pat HanrahanSplinesFunctions that interpolate/approximate1. Curves and surfaces for modeling2. Keyframes and inbetweens for animation3. Filtering and reconstruction for images

CS248 Lecture 15Copyright � Pat HanrahanChaiken�s Algorithm

P^0P

1P^2P^0_1P^1_1P^0_2^{1− t}t

P t P tP

P t P tP

P t P tP

01 01

1 12

02 011

1

1

1

= - +

= - +

= - +

( ) ( ) ( )Pt P()= 0 2

Page 2

CS248 Lecture 15Copyright � Pat Hanrahan

Bezier Curves P0P1P2P01P11P0

21− ttP3P 2 1P^1_2P^0_{3CS248 Lecture 15Copyright}�_{Pat HanrahanPropertiesProperty 1: Interpolate end pointsProperty 2: TangentsProperty 3: Convex hull property}

Property 4: Variation diminishing

Property 5: Invariant under affine transformations

Property 6: Symmetry

Page 3

CS248 Lecture 15Copyright � Pat HanrahanSubdivision and Extrapolation AlgorithmP0P1P2P01P0

2P^3P^2_1P^1_2P^0_3P^1_{1CS248 Lecture 15Copyright}�_{Pat Hanrahan}

Piecewise CurvesC1 ContinuityC2 Continuity

Δ^0Δ 1 1 1 1

Page 4

CS248 Lecture 15Copyright � Pat HanrahanBernstein Polynomials

P0P1P2P01P02P3P21P12P03P11

P(t) = P_i i=0 n ∑^Bi^{n(t)}

B_i n (t) = n

i t i (1− t)

n− i

1− tt

CS248 Lecture 15Copyright � Pat HanrahanMatrix Representation of Cubic Curves

P(t) = Pii=03∑ Bin(t) = P0 P1 P2 P3 [ ] B03(t)B13(t)B23(t)B33(t) = a b c d [ ] t3t2t1t0 B tB tB tB t t

0123 3210 ( ) ( ) ( ) ( )ØºŒ øßœ=••••••••••••••••ØºŒ øßœØºŒøßœ

PPPP abcd

0123 1 [ ] =[]••••••••••••••••ØºŒ øßœ-

Page 5

CS248 Lecture 15Copyright � Pat HanrahanExample: Cunic Bezier Curves

Bin(t) = ni ti(1− t)n− i B03(t) = 30 t0(1− t)3 = − t3 +3t2 − 3t +1

B13(t) = 31 t1(1− t)2 = 3!2! t(1− 2t +t2)

( ) = 3t3 − 6t2 +3t

B23(t) = 32 t2(1− t)1 = 3!2! t2(1− t)( ) = − 3t3 +3t2 B23(t) = 3 t3(1− t)0 = t3 B03B13B23B33 = − 1 3 − 3 1 3 − 6 3 0

− 3 3 0 0

1 0 0 0 t3t2t1t0

CS248 Lecture 15Copyright � Pat HanrahanHermite

Given: P(0),P(1), ′P (0), ′P (1)

P(t) = at3 +bt2 +ct + d

′P (t) = 3at2 +2bt +c

P(0) = H0 = d

P(1) = H1 = a +b +c + d

′P (0) = H2 = c

′P (1) = H3 = 3a +2b +c

H0(t)

H1(t)

H2(t) = 2 − 3 0 1 − 2 3 0 0

1 − 2 1 0

1 − 1 0 0 t3t2t1t0 HHHHabcd

0123 0 1 0 30 1 0 20 1 1 11 1 0 0 [ ] =[]ØºŒ øßœ

Page 6

CS248 Lecture 15Copyright � Pat HanrahanHermite Basis Functions

H0(t)

H1(t)

H2(t) = 2 − 3 0 1 − 2 3 0 0

1 − 2 1 0

1 − 1 0 0 t3t2t1t0

1.00.01.0CS248 Lecture 15Copyright � Pat HanrahanFinite Differences

dBin(t)dt = n Bi− 1n− 1(t)− Bin− 1(t) [ ] dP(t)dt = ΔPi

i=0n− 1∑ Bin− 1(t)

ΔPi = Pi+1 − PiP0P1P2P01P02P3P21P12P03P11

1− tt-11

Page 7

CS248 Lecture 15Copyright � Pat Hanrahan

Catmull-Rom Interpolation P0P1P2P3C0C1C2C3

C PC P P

C P P C P 011 20

2 31 32 1 2 1 2

=

= -

= -

= ( )( ) CS248 Lecture 15Copyright � Pat HanrahanSurfaces ...